Abstract. We consider classes of ideals which generalize the mixed product ideals introduced by Restuccia and Villarreal [5], and also generalize the expansion construction by Bayati and the first author [1] . We compute the minimal graded free resolution of generalized mixed product ideals and show that the regularity of a generalized mixed product ideal coincides with regularity of the monomial ideal by which it is induced.
Introduction
In 2001 Restuccia and Villarreal [5] introduced mixed product ideals, which form a particular class of squarefree monomial ideals, and they classified those among these ideals which are normal, thereby generalizing results on normality of previously known cases. Subsequently, Rinaldo [6] and Ionescu and Rinaldo [4] studied other algebraic and homological properties of this class of ideals, and Hoa and Tam [3] computed the regularity and some other algebraic invariants of mixed products of arbitrary graded ideals.
Mixed product ideals, as introduced by Restuccia and Villarreal are of the form (I q J r +I p J s )S, where for integers a and b, the ideal I a (resp. J b ) is the ideal generated by all squarefree monomials of degree a in the polynomial ring A = K[x 1 , . . . , x n ] (resp. of degree b in the polynomial ring B = K[y 1 , . . . , y m ]), and where 0 < p < q ≤ n, 0 < r < s ≤ m and S = K[x 1 , . . . , x n , y 1 , . . . , y m ]. Thus the ideal L = (I q J r + I p J s )S is obtained from the monomial ideal I = (x q y r , x p y s ) by replacing x q by I q , x p by I p , y r by J r and y s by J s . One may wonder whether the ideals I and L share any algebraic properties. Indeed they do: they have the same regularity. This observation prompted us to do a similar construction starting with an arbitrary monomial ideal I in the polynomial ring K[x 1 , . . . , x n ] over the field K. For this construction we choose for each i a set of new variables x i1 , x i2 , . . . , x im i and replace in each minimal generator x i by a monomial ideal in T i = K[x i1 , x i2 , . . . , x im i ] generated in degree a i . We call the monomial ideal L obtained in this way a generalized mixed product ideal induced by I. This construction is not completely new. Indeed in the paper [1] by Bayati and the first author a similar construction, called expansion, is made. There however, each x a i i is replaced by (x i1 , · · · , x im i ) a i , while in our generalized mixed product ideals each x a i i is replaced by an arbitrary monomial ideal of T i generated in degree a i . Thus this new class of monomial ideals widely generalizes the classical mixed product ideals as well as the ideals obtained as expansions. Path ideals of complete bipartite graphs are examples of generalized mixed product ideals as introduced here.
The main result (Theorem 2.1) of this paper states that a generalized mixed product ideal L induced by I has the same regularity as I, provided the ideals which replace the pure powers x a i i all have a linear resolution. As a consequence we obtain the result that under the above assumptions, L has a linear resolution if and only if I has a linear resolution, see Corollary 2.3. We also show that the projective dimension of L can be expressed in terms of the multi-graded shifts in the resolution of I and the projective dimension of the ideals which replace the pure powers.
As in the paper [1] we construct a double complex whose total complex provides a multi-graded free resolution of the generalized mixed product ideal. The details of the construction are bit technical though the principle idea behind it is quite natural: the data of the multi-graded free resolution F of I are used to first construct an acyclic complex F * of direct sums of ideals with H 0 (F * ) = T /L. In the next step the free resolutions of the modules F * i are patched together to form the desired double complex.
Complexes attached to generalized mixed product ideals
Let K be a field and let S = K[x 1 , . . . , x n ] be the polynomial ring over K in the variables x 1 , . . . , x n , and let I ⊂ S be a monomial ideal with I = S whose minimal set of generators is G(I) = {x a 1 , . . . ,
n . Next we consider the polynomial ring T over K in the variables x 11 , . . . , x 1m 1 , x 21 , . . . , x 2m 2 , . . . , x n1 , . . . , x nmn .
For i = 1, . . . , n and j = 1, . . . , m let L i,a j (i) be a monomial ideal in the variables
Given these ideals we define for j = 1, . . . , m the monomial ideals
and set L = m j=1 L j . We call L a generalized mixed product ideal induced by I. Examples 1.1. (a) Consider the mixed product ideals introduced by Restuccia and Villarreal [5] . A mixed product ideal is a monomial ideal of the form L = I k J r + I s J t where the ideals I k and I s are monomial ideals generated in degree k and s, respectively, in the variables x 1 , . . . , x n and J r and J t are monomial ideals generated in degree r and t in the variables y 1 , . . . , y m . In our terminology L is induced by the ideal I = (x k y r , x s y t ).
(b) As mentioned in [5] mixed product ideals also appear as generalized graph ideals (called path ideals by Conca and De Negri [2] ) of complete bipartite graphs. Let G a finite simple graph with vertices x 1 , . . . , x n . A path of length t in G is sequence x i 1 , . . . , x it of pairwise distinct vertices such that {x i k , x i k+1 } is an edge of G. Let K be a field and S = K[x 1 , . . . , x n ] be the polynomial ring over K in the variables x 1 , . . . , x n . Then the path ideal I t (G) is the ideal generated by all monomials x i 1 · · · x it such that x i 1 , . . . , x it is a path of length t.
Now let G be a complete n-partite graph with vertex set V = V 1 ∪ V 2 ∪ · · · ∪ V n and V i = {x i1 , . . . , x im i } for i = 1, . . . , n. For this graph we have
where the ideals I ij i are the monomial ideals generated by all squarefree monomials of degree j i in the variables {x i1 , . . . , x im i }. Thus I t (G) is induced by the ideal I of Veronese type generated by the monomials x
be the Z n -graded minimal free S-resolution of S/I. Based on the data of this resolution, we construct an acyclic complex F * whose 0th homology gives us T /L.
Sf ij where f ij is a basis element of the free S-module F i of Z n -degree a ij . Let ∂ denotes the chain map of F. Then
Here λ
are called the scalar matrices of the resolution F.
Now we choose for each of the generators x a j of I a monomial ideal L j in T (not necessary of the form (2)), and define the following complex F * : we set F * 0 = T and
j=1 L ij where the monomial ideals L ij are inductively defined as follows: we let L 1j = L j for all j. Suppose L i−1,j is already defined for all j. For a given number j with 1 ≤ j ≤ β i , let k 1 , k 2 , . . . , k r be the numbers for which λ
The chain map ∂ * of F * is given by
Observe that ∂ * is well-defined, that is, ∂ * (
j=1 L ij be a column vector. We may assume that v ℓ = 0 for ℓ = j. Then
.
where
Proof. We use the fact, shown in the next lemma, that
and hence
We call F * the complex of L 1 , . . . , L m induced by I. We attach to F a complexF of K-vector spaces, which we call the scalar complex of F.
Lemma 1.3. The following sequence of K-linear maps
Proof. Let J = (x 1 − 1, x 2 − 1, . . . , x n − 1). ThenF ∼ = F ⊗ S/J, and henceF is a complex with H i (F) ∼ = Tor i (S/I, S/J) for all i. It follows that each H i (F) is annihilated by I + J. Since I + J = S, it follows that H i (F) = 0 for all i, as desired.
We now show that F * is acyclic for the choice of the ideals L j as given in (2).
. . , n and j = 1, . . . , m let L i,a j (i) be a monomial ideal in the variables x i1 , x i2 , . . . , x im i satisfying condition (1) , and let
For the proof of this theorem we shall need:
. . , k r be the integers for which λ
Therefore, x a ij −a i−1,k t ∈ S and this implies x a i−1,k t divides x a ij , and hence lcm(
and suppose that
As a consequence of this lemma one easily obtains by induction on i the following result.
Proof. We prove the assertion by induction on i.
. Now let i > 1, and assume that the statement holds for i − 1. By definition (5) and our induction hypothesis we have
By Corollary 1.6 it follows that L l,a i−1,k t (l) is a monomial ideal in the variables x l1 , x l2 , . . . , x lm l . Therefore,
The third equation follows from (6) and the fact that a ij (l) = max{a i−1,k 1 (l), . . . , a i−1,kt (l)}, see Lemma 1.5.
We need one more lemma before we can give the proof of Theorem 1.4. Lemma 1.8. Let F be the Z n -graded minimal free S-resolution of S/I as described in (3) , and let
. . .
Then there exists
with the property that λ (i+1) ρ = µ and x a i+1,j | lcm(x a ik 1 , . . . , x a ikr ) for all j with ρ j = 0.
divides x d for all j with ρ j = 0, as desired.
Proof of Theorem 1.4.
Since the complex F * is a complex of Z q -graded T -module, where q is the number of variables of T and each F * i is a direct sum of monomial ideals of T it suffices to show that if g is a monomial of T and µ an element of K
with ∂ * (ρg) = µg. We have 0 = ∂ * (µg) = (λ (i) µ)g. Therefore λ (i) µ = 0. We now choose ρ as in Lemma 1.8. We claim that g ∈ L i+1,j for all j with ρ j = 0, then ρg ∈ F * i+1 , and since λ (i+1) ρ = µ it then follows that ∂ * (ρg) = µg. Thus the theorem follows once we have proved the claim.
Let 1 ≤ k 1 < k 2 < · · · < k r ≤ β i be the integers with µ kt = 0 for t = 1, . . . , r. Then g ∈ L i,kt for t = 1 . . . , r. We fix j with ρ j = 0. Then, by using Corollary 1.7 and Lemma 1.8 and Corollary 1.6 we see that
On the regularity of generalized mixed ideals
Let I ⊂ S = K[x 1 , . . . , x n ] be a monomial ideal as in Section 1 with G(I) = {x a 1 , . . . , x am }, and L be defined as in (2) . In this section we will always assume that for l = 1, . . . , n and j = 1, . . . , m the ideals L l,a j (l) have an a j (l)-linear resolution.
The main result of this section is the following:
Theorem 2.1. With the notation and the assumptions introduced, we have
[4, Theorem 2.8] of Ionescu and Rinaldo turns to be out a very special case of this theorem and is obtained from the next corollary in the case that both summands of L have only two factors. Proof. Because of Theorem 2.1 it suffices to show that L is generated in degree d if and only if I is generated in degree d. To show this we use the fact that
Proof. The ideal L is the generalized mixed ideal induced by the ideal
where n is the graded maximal ideal of T , see Lemma 2.4. This then implies j L j /nL j ∼ = L/nL. Our assumptions on the ideals L i,a j(i) imply that L j is minimally generated in degree |a j |. Hence it follows that L has generators exactly in the same degrees as I. Thus the desired conclusion follows.
For the proof of Theorem 2.1 we need the following lemma.
Lemma 2.4. Let n be the graded maximal ideal of T . Then
Proof. For i = 1, the assertion is obvious because L ⊂ n. Now let i > 1. It is enough to show that ∂ * (L ij ) ⊂ nF * i−1 for all j. Let v ∈ L ij , v = 0. Then our assumption on the L i,a j (i) together with Corollary 1.6 and Corollary 1.7 imply that deg v ≥ |a ij |, where for any a ∈ Z n we denote by |a| the sum n l=1 a i (l). Moreover, by the definition of ∂ * it follows that the component of
For the proof of Theorem 2.1 we use the strategy applied in the paper [1] and first construct a minimal Z N -graded resolution of L where N = n i=1 m i (which is the number of variables of T ). The resolution which we are going to construct will be the total complex of a certain double complex. The construction of this double complex is the following: For each l = 1, . . . , n and each j = 1, . . . , m we choose a minimal a j 2 (l) . We use these complexes to construct Z N -graded resolutions of the ideals L ij , and let
Here
Let
To define σ i it is enough to describe its components
We let σ
, where
The definition of the maps τ (l,kj) i needs some preparation: for each l = 1, . . . , n let
Now we come to the definition of τ
. We first notice that a ij = a s and a i−1,j = a t for some s and t with 1 ≤ s, t ≤ m, see Corollary 1.6.
We first show that σ i (G (i) ) ⊂ nG (i−1) . For that it suffices to show that σ kj and the fact that the resolution of I is minimal, it follows that a ij > a i−1,k . Therefore, a ij (l) ≥ a i−1,k (l) for all l, and a ij (l) > a i−1,k (l) for at least one l. Since H (l,a ij (l)) is an a ij (l)-linear resolution and
is an a i−1,k (l)-linear resolution and since τ l,kj i is a homogeneous complex homomorphism, we see that Im τ
Next we prove that the complex homomorphism σ i extends the chain map ∂ * :
In other words, we have to show that diagram (8) commutes, where for all i we denote by π is the augmentation map of G (i) .
To prove this it suffices to show that the diagrams (9) commute, where the map
If λ 
The last equation follows because τ
Finally we show that σ i−1 • σ i = 0. For that we need to show that
for all q and j.
We have
We claim that the maps τ (l,qk)
in this tensor product are equal to each other for all k for which λ
).
Then the claim implies that the restriction of 
